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In this work, we develop and apply the WKB approximation to several examples of noncommu-
tative quantum cosmology, obtaining the time evolution of the noncommutative universe, this is
done starting from a noncommutative quantum formulation of cosmology where the noncommu-
tativity is introduced by a deformation on the minisuperspace variables. This procedure gives a
straightforward algorithm to incorporate noncommutativity to cosmology and inflation.
PACS numbers: 02.40.Gh,04.60.Kz,98.80.Qc
I. INTRODUCTION
There has been a lot of interest in the old idea of non-
commutative space-time [1], and an immense amount of
work has been done on the subject. This renewed interest
is a consequence of the developments in M-Theory and
String Theory, where in the description of the low energy
excitations of open strings, in the presence of a Neveu-
Schwarz (NS) constant background B−field, a noncom-
mutative effective low energy gauge theory action [2, 3]
appears in a natural way. Along the lines of noncommu-
tative gauge theory, noncommutative theories of gravity
have been constructed [5]. All of these formulations of
gravity on noncommutative space-time are highly non-
linear and a direct calculation of cosmological models is
incredibly difficult. One may naively expect noncommu-
tative effects to be present at the Planck scale so it is
almost impossible to detect them, but due to the UV/IR
mixing [6, 7], the effects of noncommutative might be
important at the cosmological scale.
A simplified approach to study the very early universe
is quantum cosmology (QC), which means that the grav-
itational and matter variables have been reduced to a
finite number of degrees of freedom (these models were
extensively studied by means of Hamiltonian methods in
the 1970’s, for reviews see [8, 9]); for homogenous cos-
mological models the metric depends only on time, this
permits to integrate the space dependence and obtain
a model with a finite dimensional configuration space,
minisuperspace, whose variables are the 3-metric compo-
nents. Unfortunately this construction is plagued with
several drawbacks, there is no easy way to study the dy-
namical evolution of the system; also the wave functions
usually can not be normalized. One way to extract useful
dynamical information is through a WKB type method.
In the last few years there have been several attempts
to study the possible effects of noncommutativity in the
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classical cosmological scenario [10, 11]. In [12] the au-
thors avoid the difficulties of analyzing noncommuta-
tive cosmological models, that would arise when working
with a noncommutative theory of gravity [5]. Their pro-
posal introduces the effects of noncommutativity at the
quantum level, namely quantum cosmology, by deform-
ing the minisuperspace through a Moyal deformation of
the Wheeler-DeWitt equation. It is then possible to pro-
ceed as in noncommutative quantum mechanics [13]. On
the other hand, noncommutativity among the fields is
a consequence of the usual noncommutative space-time
[3, 4] also for gravitational fields [5]. So the mentioned
proposal is an effective noncommutativity in quantum
cosmology.
The aim of this paper is to apply a WKB type method
to noncommutative quantum cosmology, and find the
noncommutative classical solutions, avoiding in this way
the difficult task to solve these cosmological models in
the complicated framework of noncommutative gravity
[5]. We know how to introduce noncommutativity at a
quantum level, by taking into account the changes that
the Moyal product of functions induces on the quantum
equation (i.e. Schro¨edinger equation), and from there
calculate the effects of noncommutativity at the classical
level. This also has the advantage that for some noncom-
mutaive models for which the quantum solutions can not
be found, the corresponding noncommutative classical
solutions arise very easily from this formulation. The pro-
cedure is presented through a series of examples: first the
Kanstowski-Sachs cosmological (KS) model is presented
in detail, and the formalism developed for this model, is
then applied to the Friedmann-Robertson-Walker (FRW)
universe coupled to a scalar field φ and cosmological con-
stant Λ, the noncommutative quantum and classical so-
lutions for different cases are presented. The method has
the advantage that broadens the noncommutative cos-
mological models that can be solved. This is of particu-
lar interest in conection with inflation; in [11] the effects
of noncommutativity during inflation are explored, but
noncommutativity is only incorporated to the scalar field
neglecting the gravitational sector, using the method de-
veloped in this paper, noncommutativity can be incorpo-
rated on both sectors. Finally the procedure is applied to
2a toy model of string effective quantum cosmology [14].
This work is organized as follows. In section 2 we
review several quantum cosmological models via the
Wheeler-DeWitt equation (WDW) and find the corre-
sponding wave function for most of these models, then we
obtain the classical solutions using a WKB type approxi-
mation. In section 3 we repeat the same treatment to the
noncommutative counterparts of the examples presented
in section 2, this is achieved through a noncommutative
deformation of the minisuperspace variables. Finally, the
last section is devoted to discussion and outlook.
II. QUANTUM COSMOLOGY AND THE WKB
APPROXIMATION
Our goal is to present aWKB type method for noncom-
mutative quantum cosmology. We start by reviewing the
quantum cosmological models in which we are interested,
and find the classical evolution through a WKB type
approximation. The models presented are: Kantowski-
Sachs cosmology, FRW cosmology with cosmological con-
stant coupled to a scalar field, and a cosmological model
in the framework of string theory.
A. Kantowski-Sachs Cosmology
The first example we are interested is the Kantowski-
Sachs universe, this is one of the simplest anisotropic
cosmological models. The Kantowski-Sachs line element
is [12]
ds2 = −N2dt2+e2
√
3βdr2+e−2
√
3(β+Ω)
(
dϑ2 + sin2 ϑdϕ2
)
,
(1)
from the general relativity Lagrangian we find the canon-
ical momenta,
ΠΩ = −12
N
e−
√
3β−2√3ΩΩ˙, Πβ =
12
N
e−
√
3β−2√3Ωβ˙, (2)
using canonical quantization, and a particular factor or-
dering, we get the WDW equation, through the usual
identifications ΠΩ = −i ∂∂Ω and Πβ = −i ∂∂β we get[
∂2
∂Ω2
− ∂
2
∂β2
− 48e−2
√
3Ω
]
ψ(Ω, β) = 0. (3)
The solution to this equation is given by
ψ = e±iν
√
3βKiν
(
4e−
√
3Ω
)
, (4)
where ν is the separation constant and Kiv are the mod-
ified Bessel functions.
We now proceed to apply the WKB type method. For
this we propose the wave function
Ψ(β,Ω) ≈ ei(S1(β)+S2(Ω)), (5)
the WKB approximation is reached in the limit∣∣∣∣∂2S1(β)∂β2
∣∣∣∣ <<
(
∂S1(β)
∂β
)2
,
∣∣∣∣∂2S2(Ω)∂Ω2
∣∣∣∣ <<
(
∂S2(Ω)
∂Ω
)2
,
(6)
and gives the Einstein-Hamilton-Jacobi (EHJ) equation
−
(
∂S2(Ω)
∂Ω
)2
+
(
∂S1(β)
∂β
)2
− 48e−2
√
3Ω = 0, (7)
solving Eq.(7) one gets the functions S1, S2, and calculate
the temporal evolution. First we fix the value of N(t) =
24e−
√
3β−2√3Ω, by using (2) and the definition for the
momenta Πβ =
dS1(β)
dβ and ΠΩ =
dS2(Ω)
dΩ we obtain the
classical solutions
Ω(t) =
1
2
√
3
ln
[
48
P 2β0
cosh2
(
2
√
3Pβ0(t− t0)
)]
,
β(t) = β0 + 2Pβ0(t− t0), (8)
where β0 and Pβ0 are the initial conditions. These solu-
tions are the same that we get by solving the field equa-
tions of general relativity.
B. FRW cosmology with scalar field and Λ
The next set of examples correspond to homogeneous
and isotropic universes, the so called FRW universe cou-
pled to a scalar field and cosmological constant. The
FRW metric is given by:
ds2 = −N2dt2+e2α(t)
[
dr2
1− kr2 + r
2(dϑ2 + sin2ϑdϕ2)
]
,
(9)
where a(t) = eα(t) is the scale factor, N(t) is the lapse
function, and k is the curvature constant that takes the
values 0,+1,−1, which correspond to a flat, closed and
open universes, respectively. The Lagrangian we are to
work on is composed by the gravity sector and the matter
sector, which for the FRW universe endowed with a scalar
field and cosmological constant Λ is
Ltot = Lg+Lφ = e3α
[
6
α˙2
N
− 1
2
φ˙2
N
−N (2Λ + 6ke−2α)
]
,
(10)
the corresponding canonical momenta are
Πα =
∂L
∂α˙
= 12e3α
α˙
N
, Πφ =
∂L
∂φ˙
− e3α φ˙
N
. (11)
Proceeding as before the WDW equation is obtained from
the classical Hamiltonian. By the variation of (10) with
respect to N , ∂L/∂N = 0, implies the well-known result
H = 0.
e−3αN
[
− 1
24
∂2
∂α2
+
1
2
∂2
∂φ2
+ e6α
(
2Λ + 6ke−2α
)]
Ψ(α, φ) = 0.
(12)
3Now that we have the complete framework and the
corresponding WDW equation, we can proceed to study
different cases.
In table 1 we can see the different cases that we solved
[18], all of them are calculated by using the WKB type
procedure, these classical solutions can be derived by
solving Einstein’s field equations. We can expect that
this approximation includes all the gravitational degrees
of freedom of the particular cosmological model under
study. This almost trivial observation is central to the
ideas we are presenting in the next section.
case Quantum Solution Classical Solution
k=0, Λ 6= 0 ψ = e±iν
√
3
2
φKiν
(
4
√
Λ
3 e
3α
)
φ(t) = φ0 − Pφ0t,
and Jν for Λ < 0 α(t) =
1
6 ln
(
P 2φ0
4Λ
)
+ 13 ln
(
sech
[√
3
2 Pφ0(t− t0)
])
,
k 6=0, Λ = 0 ψ(1) = e±i ν√3φKiν
(
6e2α
)
for k = 1, φ(t) = φ0 − Pφ0(t− t0),
ψ(2) = e
±i ν√
3
φ
Jν
(
6e2α
)
for k = −1 α(t) = 14 ln
[
P 2φ0
12k
]
+ 12 ln
(
sech
[
1√
3
Pφ0(t− t0)
])
k 6=0, Λ 6= 0 Unknown φ(t) = φ0 − Pφ0(t− t0),
∫ dα(t)√
Pφ0−2e6α(2Λ+6ke−2α)
= 1√
12
(t− t0),
Table 1: Classical and quantum solutions for the FRW universe coupled to a scalar field φ. For the case Λ 6= 0 k 6= 0,
the classical solution for the scale factor is given in an implicit expression. We have fixed the lapse function to
N(t) = e3α.
C. Stringy quantum cosmology
Our final example is related to the graceful exit of pre-
big bang cosmology [14], this model is based on the gravi-
dilaton effective action in 1+3 dimensions
S = −λs
2
∫
d4x
√−ge−φ(R + ∂µφ∂νφ+ V ), (13)
in this expression λs is the fundamental string length,
φ is the dilaton field with V the possible dilaton poten-
tial. Working with an isotropic background, and setting
a(t) = eβ(t)/
√
3, after integrating by parts, we get
S = −λs
2
∫
dτ
(
φ¯′2 − β′2 + V e−2φ¯
)
, (14)
we have used the time parametrization [19] dt = e−φ¯dτ ,
the gauge g00 = 1, and defined φ¯ = φ−ln
∫ (
d3x
λ3s
)
−√3β.
From this action we calculate the canonical momenta,
Πβ = λsβ
′ and Πφ¯ = −λsφ¯′. From the classical hamilto-
nian we find the WDW equation
[
∂2
∂φ¯2
− ∂
2
∂β2
+ λ2sV (φ¯, β)e
−2φ¯
]
Ψ(φ¯, β) = 0, (15)
in particular for a potential of the form V (φ¯) = −V0emφ¯,
the quantum solution is
Ψ(φ¯, β) = e±−i
m−2
2
νβKiν
[
2λs
√
V0
m− 2 e
(m−22 )φ¯
]
. (16)
The classical solutions for the scale factor and the dilaton
are
φ¯(τ) =
1
m− 2 ln
[
P 2β0
V0λ2s
sech2
(
Pβ0
2λs
(m− 2)(τ − τ0)
)]
,
β(τ) = β0 +
Pβ
λs
(τ − τ0), (17)
form = 0 andm = 4, the solutions have been obtained in
[14], and are used in connection to the graceful exit from
pre-big bang cosmology in quantum string cosmology.
III. NONCOMMUTATIVE QUANTUM
COSMOLOGY AND THE WKB TYPE
APPROXIMATION
In this section we construct noncommutative quantum
cosmology for the examples presented in the previous sec-
tion and calculate the classical evolution via a WKB type
approximation. To get the classical cosmological solu-
tions would be a very difficult task in any model of non-
commutative gravity [5], as a consequence of the highly
nonlinear character of the field equations. We will fol-
low the original proposal of noncommutative quantum
cosmology that was developed in[12]. This will allow us
to get the desired classical solutions. The first noncom-
mutative example that we present is the noncommuta-
tive KS followed by the noncommutative FRW universe
coupled to a scalar field, and finally stringy noncommu-
tative quantum cosmology. First we present in quite a
general form, the construction of noncommutative quan-
tum cosmology and the WKB type method to calculate
the classical evolution.
4Let us start with a generic form for the commutative
WDW equation, this is defined in the minisuperspace
variables x, y. As mentioned in [12] a noncommutative
deformation of the minisuperspace variables is assumed
[x, y] = iθ, (18)
this noncommutativity [20] can be formulated in terms
of noncommutative minisuperspace functions with the
Moyal product of functions
f(x, y) ⋆ g(x, y) = f(x, y)e
i θ
2
“←−
∂x
−→
∂y−←−∂y−→∂x
”
g(x, y). (19)
Then the noncommutative WDW equation can be writ-
ten as (−Π2x +Π2y −V(x, y)) ⋆Ψ(x, y) = 0. (20)
We know from noncommutative quantum mechanics [13],
that the symplectic structure is modified changing the
commutator algebra. It is possible to return to the orig-
inal commutative variables and usual commutation rela-
tions if we introduce the following change of variables
x→ x+ θ
2
Πy and y → y − θ
2
Πx. (21)
The efects of the Moyal star product are reflected in the
WDW equation, only through the potential
V (x, y) ⋆Ψ(x, y) = V (x+
θ
2
Πy , y − θ
2
Πx), (22)
taking this into account and using the usual substitutions
Πqµ=−i∂qµ we arrive to[
∂2
∂x2
− ∂
2
∂y2
−V
(
x− iθ
2
∂
∂y
, y + i
θ
2
∂
∂x
)]
Ψ(x, y) = 0,
(23)
this is the noncommutative WDW equation (NCWDW)
and it’s solutions give the quantum description of the
noncommutative Universe. We can use the NCWDW to
find the temporal evolution of our noncommutative cos-
mology by a WKB type procedure. For this we propose
that the noncommutative wave function has the form
ΨNC(β,Ω) ≈ ei(SNC1(β)+SNC2(Ω)),which in the limit∣∣∣∣∂2SNC1(β)∂β2
∣∣∣∣ <<
(
∂SNC1(β)
∂β
)2
,
∣∣∣∣∂2SNC2(Ω)∂Ω2
∣∣∣∣ <<
(
∂SNC2(Ω)
∂Ω
)2
, (24)
yielding the noncommutative Einstein-Hamilton-Jacobi
equation (NCEHJ), that gives the solutions to SNC1 and
SNC2. After the identification ΠxNC =
∂(SNC1)
∂x and
ΠyNC =
∂(SNC2)
∂y together with the definitions of the
canonical momenta and Eq.(21) we can find the time de-
pendent solutions for x and y.
In the rest of this section we will apply this ideas to
the examples that have already been presented.
A. Noncommutative Kantowski-Sachs Cosmology
Using the method outlined in the preceding para-
graphs, applied to Eq.(3) we find the NCWDW equation[
∂2
∂Ω2
− ∂
2
∂β2
− 48e−2
√
3(Ω−i θ2 ∂∂β )
]
Ψ(Ω, β) = 0, (25)
assuming that we can write Ψ(Ω, β) = e
√
3νβX(Ω) the
equation for X(Ω) is
[
− d
2
dΩ2
+ 48e−3iνθe−2
√
3Ω + 3ν2
]
X(Ω) = 0, (26)
then the solution of the NCWDW equation is
Ψ(Ω, β) = e±i
√
3νβKiν
(
4e−
√
3Ω± 3
2
νθ
)
. (27)
Usually the next step is to construct a “Gaussian” wave
packet and do the physics with the new wave function.
This is not necessary for our purposes, as we are inter-
ested on the classical solutions, by applying the WKB
type method outlined in the previous section. Using
equations (5), and (6) we find the solutions for S1(β)
and S2(Ω) which have the form
S1(β) = Pβ0β, (28)
S2(Ω) = − 1√
3
√
P 2β0 − 48e−
√
3θPβ0 e−2
√
3Ω
+
Pβ0√
3
arctanh


√
P 2β0 − 48e−
√
3θPβ0 e−2
√
3Ω
Pβ0

 ,
then the deformation of the momenta provide us with the
noncommutative classical solutions
Ω(t) =
1
2
√
3
ln
[
48
P 2β0
cosh2 2
√
3Pβ0(t− t0)
]
− θ
2
Pβ0 ,
β(t) = β0 + 2Pβ0(t− t0)
− θ
2
Pβ0tanh
2
[
2
√
3Pβ0(t− t0)
]
, (29)
these solutions have already been obtained in[16]. In that
paper the authors deform the symplectic structure at a
classical level changing the Poisson brackets.
B. Noncommutative FRW cosmology with scalar
field and Λ
We can use the NCWKB type method to FRW uni-
verse coupled to a scalar field. Proceeding as before the
corresponding NCWDW equation is
[
− 1
24
∂2
∂α2
+
1
2
∂2
∂φ2
+ e6(α−i
θ
2
∂
∂φ
)
(
2Λ + 6ke−2(α−i
θ
2
∂
∂φ
)
)]
Ψ = 0.
(30)
From the NCWDW equation, we use the method devel-
oped in the previous sections and calculate the classical
evolution by appliying the NCWKB type method. These
results are presented in the next table
5case NC Quantum Solution NC Classical Solution
k=0, Λ 6= 0 ψ = e±iν
√
3
2
φKiν
[
4
√
Λ
3 e
3(α− 32νθ)
]
φ(t) = φ0 − Pφ0t−
√
3θPφ0 tanh
(√
3
2 Pφ0(t− t0)
)
,
and Jν for Λ < 0 α(t) =
θ
2Pφ0 +
1
6 ln
(
P 2φ0
4Λ
)
+ 13 ln
(
sech
[√
3
2 Pφ0(t− t0)
])
,
k 6=0, Λ = 0 ψ(1) = e±i ν√3φKiν
[
6e2(α−
θ
2
ν)
]
for k = 1 φ(t) = φ0 − Pφ0(t− t0)−
√
3θPφ0 tanh
(
Pφ0√
3
(t− t0)
)
,
ψ(2) = e±iν/
√
3φJν
[
6e2(α−
θ
2
ν)
]
, for k = −1 α(t) = θ2Pφ0 + 14 ln
[
P 2φ0
12k
]
+ 12 ln
(
sech
[
1√
3
Pφ0(t− t0)
])
k 6=0, Λ 6= 0 Unknown φ(t) = φ0 − Pφ0(t− t0) + 6θ
∫
e6α
(
Λ + 2e−2α
)
dt,∫ dα(t)r
Pφ0−2e
6α+3θPφ0
“
2Λ+6ke
−2α−θPφ0
” = 1√12 (t− t0),
Table 2: Classical and quantum solutions for noncommutative FRW universe coupled to a scalar field. For these
models noncommutativity is introduced in the gravitational and matter sectors. As in the commutative scenario, for
Λ 6= 0 and k 6= 0 the noncommutative classical solution is given in an implicit form, and there is not a closed analytical
quantum solutions. As in the commutative case we have fixed the value of the lapse function N(t) = e3α.
C. Stringy noncommutative quantum cosmology
As in the previous examples we introduce the non-
commutative relation [φ¯, β] = iθ, and from the classical
hamiltonian we find the NCWDW equation
[
∂2
∂φ¯2
− ∂
2
∂β2
− λ2sV (φ¯, β)e(m−2)(φ¯−i
θ
2
∂
∂β
)
]
Ψ(φ¯, β) = 0.
(31)
The noncommutative wave function is
Ψ(φ¯, β) = e±−i
m−2
2
νβKiν
[
2λs
√
V0
m− 2 e
(m−2)(φ¯∓m−24 θν)
]
,
(32)
using the NCWKB type method the classical solutions
for the noncommutative stringy cosmology are
φ¯(τ) =
1
m− 2 ln
[
P 2β0
V0λ2s
sech2
(
Pβ0
2λs
(m− 2)(τ − τ0)
)]
− θ
2
Pβ0 ,
β(τ) = β0 +
Pβ
λs
(τ − τ0)
+ θ
Pβ0
2
tanh
[
Pβ0
2λs
(m− 2)(τ − τ0)
]
, (33)
the classical evolution for string cosmology can be calcu-
lated for m = 0 and m = 4. An interesting issue con-
cerns the B field that is turned off in the string cosmology
model [14] and does not contribute to the effective action.
In open string theory, however noncommutativity arises
precisely in the low energy limit of string theory in the
presence of a constant B field. The θ parameter we have
introduced in the minisuperspace could then be under-
stood as a kind of B-field related with the Neveu-Schwarz
B-field.
IV. CONCLUSIONS AND OUTLOOK
In this paper we have presented the NCWKB type
method for noncommutative quantum cosmology and
with this procedure, found the noncommutative classi-
cal solutions for several noncommutative quantum cos-
mological models.
Noncommutativity is a proposal that originally
emerged at the quantum level, moreover space-time non-
commutativity has as a consequence that the fields do
not commute [3, 4, 5], by this reason we incorporate
noncommutativity in the minisuperspace variables in a
similar manner as it is considered in standard quantum
mechanics. By means of the WKB approximation on the
corresponding NCWDW equation, one gets the noncom-
mutative generalized Einstein-Hamilton-Jacobi equation
(NCEHJ), from which the classical evolution of the non-
commutative model is obtained. The examples we stud-
ied were the Kantowski-Sachs cosmological model, the
FRW universe with cosmological constant and coupled to
a scalar field, and a string quantum cosmological model.
In the commutative scenario, the classical solutions found
from the WKB-type method are solutions to the corre-
sponding Einsteins field equations. Due to the complex-
ity of the noncommutative theories of gravity [5], classi-
cal solutions to the noncommutative field equations are
almost impossible to find, but in the approach of non-
commutative quantum cosmology and by means of the
WKB-type procedure, they can be easily constructed.
Also the quantum evolution of the system is not needed
to find the classical behavior, from table 2 we can see that
for the case Λ 6= 0 and k 6= 0 the wave function can not
be analitacally calculated, but still the noncommutative
effects can be incorporated and the classical evolution
is found implicitly. This procedure gives a straightfor-
ward algorithm to incorporate noncommutative effects
to cosmological models. In this approach the effects of
noncommutativity are encoded in the potential through
the Moyal product of functions Eq. (22). We only need
the NCWDW equation and the approximations (6), to
6get the NCEHJ and from it, the noncommutative classi-
cal behavior can easily be constructed. As already men-
tioned, in [11] the effects of noncommutativity were stud-
ied in connection with inflation, but the noncommutative
deformation was only done in the matter sector neglect-
ing the gravity sector. The procedure developed here has
the advantage that we can implement noncommutativity
in both sectors in a straightforward way and find the clas-
sical solutions (i.e. inflationary models). These ideas are
being explored and will be reported elsewhere.
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